Wave front pinning and propagation in damped chains of coupled oscillators are studied. There are two important thresholds for an applied constant stress F : for |F | < F cd (dynamic Peierls stress), wave fronts fail to propagate, for F cd < |F | < Fcs stable static and moving wave fronts coexist, and for |F | > Fcs (static Peierls stress) there are only stable moving wave fronts. For piecewise linear models, extending an exact method of Atkinson and Cabrera's to chains with damped dynamics corroborates this description. For smooth nonlinearities, an approximate analytical description is found by means of the active point theory. Generically for small or zero damping, stable wave front profiles are non-monotone and become wavy (oscillatory) in one of their tails.
of nonlinear oscillators, diffusively coupled and subject to an external force F which acts as a control parameter:
Typical nonlinearities g(u) = V ′ (u) are cubic, such that A g(u) − F has three zeros, U 1 (F/A) < U 2 (F/A) < U 3 (F/A) in a certain force interval (g ′ (U i (F/A)) > 0 for i = 1, 3, g ′ (U 2 (F/A)) < 0). Moreover, g(u) is symmetric with respect to U 2 (0). Examples are the overdamped Frenkel-Kontorova (FK) model (g = sin u) [1] and the quartic double well potential (V = (u 2 − 1) 2 /4) [14] . A > 0 measures the strength of the coupling and m the relative strength of inertial and friction terms. Wave front solutions u n = w(n − cτ ) join the two stable constant states U 1 (F/A) and U 3 (F/A) (or viceversa) as n increases from −∞ to ∞.
Consider the extreme cases of conservative (m = ∞)
and overdamped dynamics (m = 0). In the overdamped case, wave fronts generically either move if |F | > F c > 0 or are pinned if |F | ≤ F c [11] . The depinning transition at F c was described by Carpio and Bonilla [11] for large and moderate values of A, by King and Chapman [15] in the continuum limit A → 0, and by Fáth [16] for a piecewise linear g(u). In the conservative case and for generic cubic nonlinearities g(u), there are two critical forces F cd and F cs with 0 < F cd < F cs = F c . Wave fronts may propagate stably for |F | > F cd but there are stable stationary (pinned) wave fronts if |F | < F c . Thus pinned and moving wave fronts may coexist if F cd < |F | < F cs .
The values F cs and F cd correspond to the static and dynamic Peierls stresses of the literature on dislocations [2] .
Atkinson and Cabrera found exact expressions for the wave fronts corresponding to a piecewise linear g(u) and calculated the relationship between F and wave front velocity [17] . An approximate theory was found somewhat earlier by Weiner [18] . More recently, Schmidt [19] and later authors [20, 21] found exact monotone wave fronts of conservative or overdamped systems by constructing models with nonlinearities such that the desired wave fronts were solutions of the models. In particular, Flach et al [21] showed coexistence between moving and pinned monotone wave fronts of a discrete system with conservative dynamics and F = 0. On the other hand, for a sine nonlinearity and F = 0, the numerical computations of Peyrard and Kruskal [22] show that an initial profile close to the continuum sine Gordon soliton loses energy via emission of phonons and it becomes pinned after a sufficiently long time interval. They also found stable moving wave fronts for small positive F , consistent with our previous statement that, generically, F cd > 0.
In this paper, we study the wave fronts of the damped system (1) and the transitions at F cd and F cs . In contrast with previous work, we find wave fronts that are non-monotone, presenting wavy tails at one or both sides of a transition region in which the profile w(n−cτ ) jumps an amount close to [U 3 (F/A) − U 1 (F/A)]. We call them wavy wave fronts. These fronts with wavy profiles persist even in the conservative limit (m → ∞) [23] , and in fact Atkinson and Cabrera's wave fronts are also wavy, as these authors would have found out had they depicted their exact expression graphically. In the overdamped limit m → 0, F cd → F c and the wave front profiles become monotone. We have thus arrived to a general picture of wave fronts in discrete chains of coupled nonlinear oscillators with m > 0.
The rest of the paper is organized as follows. Section II considers Eq. (1) with a piecewise linear g(u). We find exact formulas for the wave front profiles in the general damped case following the method of Atkinson and Cabrera's [17] . These profiles are often wavy and they are asymptotically stable in the damped case. It is important to obtain them for two reasons: (i) there are very few exact wave front solutions that are non-monotone, and (ii) in the limit of large inertia, it is hard to discriminate numerically between wavy wave fronts traveling with different velocities or having different profiles. Exact solutions make good benchmarks for numerical methods.
The results for the damped model with a generic cubic nonlinearity are presented in Section III. We calculate the static and dynamic Peierls stresses for typical values of A and m. A characterization of these stresses is given in terms of our active point theory. Sec. IV contains a discussion of our results.
II. EXPLICIT CONSTRUCTION OF WAVE FRONT PROFILES
Let us rescale time in Eq. (1), so that t = τ / √ m, and consider a piecewise linear g(u):
where
where H(x) = 1 for x > 0 and H(x) = 0 for x < 0 is the Heaviside unit step function. Let us consider a smooth
moving rigidly with velocity c. We center the wave front so as to have w(0) = 0. Taking into account that g(u)
is an odd function and using the front profile u n (t) = w(n − ct), we can see that the following transformations leave Eq. (2) for w(x) invariant:
Let us consider now the case F > 0, c > 0 and w The wave front profile v(x) = w(x) + 1 satisfies:
with v(0) = 1. We can calculate v(x) by using the contour integral expression for the step function:
Here C runs over the real axis in the complex k plane passing above the pole at k = 0 as in Fig. 2 . For x > 0 (resp. x < 0), C is closed by a semicircle in the upper (resp. lower) half plane oriented counterclockwise (resp. clockwise).
Then the solution of Eq. (5) is
Re(k)
Contour for the Heaviside step function (6) and the integral formula (7)- (8) when α = 0.
All the zeros of the function L(k, α) given by (7) (7) avoids poles on the real axis according to a criterion due to Atkinson and Cabrera [17] , shown in Figure 5 and derived later on this Section. We will use (7) and the method of residues to construct profiles satisfying v(x) > 1 for x < 0 and v(x) < 1 for x > 0. Notice that we can obtain a complex dispersion relation between ω = kc and k from L(k, α) = 0. The contour choice and the fact that α > 0 give rise to an exponential decay of v(x) to its asigned values at x = ±∞.
When α = 0, the wave fronts may exhibit undamped oscillations extending all the way to infinity.
The condition v(0) = 1 yields a relationship between the wave front velocity c and the external force F :
where we have assumed that cF > 0 and v ′ (1) < 0. The resulting function F (c) can be calculated by computing this series of residues numerically. Once F (c) is known, Eq. (7) can be used to compute the wave front profiles for a pair (c, F (c)). We shall now show how this construction works out for α = 0, α = ∞ and for α finite.
A. Conservative case: α = 0
It is instructive to see what happens in the conservative limit α → 0+. In this case, L(k, 0) = 0 has real solutions, and we need a criterion to move the contour C above or below the corresponding poles in the integral (7) . To obtain it, we shall use the notation
as α → 0+. We know that the contour C in Eq. (6) lies in the upper (resp. lower) half plane provided cF x > 0 (resp. cF x < 0). Therefore, the poles whose residues count must satisfy cF xImk > 0. Then Eq. (10) implies that we should count poles satisfying
The physical meaning of this criterion becomes clear if we calculate the group velocity corresponding to mode (11) and we observe that the poles whose residues contribute to the solution satisfy (v g − c) x > 0. This was the criterion used by Atkinson and Cabrera [17] : All modes with v g > c must appear ahead of the wave front (x > 0), all those with v g < c must appear behind (x < 0). See For c > 0 and α = 0, the condition (9) becomes [17]
This formula follows straightforwardly from the fact that L(k) and k L ′ (k) are even functions of (real) k and symmetry considerations. Notice that our assumption c > 0 has yielded F > 0. The relation F (c) given by (12) is plotted in Figure 6 for a value A = 0.25 (see also We have found wave front profiles with oscillatory tails that seem stable under small disturbances. One question that comes to mind is whether these profiles occur in models with smooth nonlinearities. The answer is yes:
See an explicit construction in Appendix A. The results for finite damping interpolate between the conservative and overdamped cases. For small α, the function F (c) and the wave front profiles are non monotone although their oscillations decay as n → ±∞; see Fig. 10 . Fig. 11 shows a comparison between u n (t) for α = 0 (for the same values as in Fig. 8 ). We observe that, for this small damping, the corresponding wave fronts have the same stability properties as in the conservative case: dynamically stable for c > c m , and unstable for 
This formula shows how the double poles k = k 0 of the conservative case split when an infinitesimal friction is present. Then the vertical asymptotes of F (c) at c = c n give rise to local maxima of F (c) for small α > 0. These maxima are hard to resolve numerically (see Fig. 10(b) ), but they can be approximately calculated as follows.
Only poles with positive imaginary part contribute to the sum in Eq. (9). For these poles, the exponential factor in Eq. (13) is (χ + i)/ √ 2, and their contribution to the sum in Eq. (9) is approximately given by
To this expression, we should add its complex conjugate, a contribution to the sum in Eq. (9) due to the pole −k 0 .
If we keep only these contributions in Eq. (9), thereby assuming that the considered maximum of F (c) is large,
Now, in the conservative case, c n ∼ √ A/(2πn) and k 0 ∼ 2πn + A/(2πn) as the integer n → ∞. Then the right side of Eq. (15) becomes proportional to c n . When n is so large that c n is no longer large compared to √ α, other terms of the sum contribute appreciably to F in the formula (9) . We conjecture that these contributions add to F cs , part in Eq. (9) becomes relevant. 
III. WAVY WAVE FRONTS FOR GENERIC CUBIC NONLINEARITIES
For generic smooth cubic nonlinearities g(u), we cannot construct the wave front profiles by using contour integrals. However, we can extend our previous theory of the active points [11] for threshold phenomena to the case of finite damping. Thus we shall present numerical results for (relatively) large A showing that wave fronts are similar to those for piecewise linear g(u). Near F c , we shall use the theory of active points to interpret numerical results. 
We use the stable zeros U (1) (F/A) and U (3) (F/A) as boundary conditions for large |n|. The numerical solution u n (t) evolves very fast to a traveling wave u n (t) = w(n − ct) with a fixed constant value for the speed c. For F below the static threshold, we choose as initial data the traveling solutions already found. As boundary condition, we use again U (1) (F/A) and U (3) (F/A). The numerical solutions u n (t) evolve to a traveling wave u n (t) = w(n − ct) with a profile and speed adjusted to the new value of F , provided F is larger than the dynamical threshold F cd .
Below that value, the waves are pinned. The behavior of we approach the continuum limit, the gap between static and dynamical thresholds is difficult to appreciate.
There is an important difference between models with a periodic nonlinearity such as FK and models with a cubic g(u). In both cases, wave fronts can be constructed numerically for sufficiently large values of the damping. 
B. Active point theory
To get approximate formulas for the wave front profile and velocity in the strongly discrete limit, A ≫ 1, we can resort to the active point theory [11] . In this limit, there is one active point, say u 0 (t), and all others obey either u n ∼ U 1 (F/A) (for n > 0) or u n ∼ U 3 (F/A) (for n < 0). We assume that the wave front we will construct has F > 0, c ≥ 0 and w ′ (0) < 0, as in the previous Section. According to Eq. (2), the active point satisfies the approximate equation:
This equation has three stationary solutions for F < F cs ,
, (z 1 and z 3 are stable and z 2 is unstable), and only one stable stationary solution, z 3 , for F > F cs . The critical field F c = F cs is such that the expansion of the right hand side of (17) about the two coalescing stationary solutions has zero linear term, 2 + Ag ′ (u 0 ) = 0, and
For F sligthly above F c , u 0 (t) = u 0 (A, F c ) + v 0 (t) obeys the following equation:
where we have used 2 + Ag ′ (u 0 ) = 0, (18) 
After blow up, the wave front profile is reconstructed by inserting an inner layer, in which u 0 (t) obeys Eq.
(17) with F = F c , and it jumps from a neighborhood
4 ≪ 1, we can ignore friction in Eq.
(19) thereby obtaining a conservative dynamical system, Eq. (19) with α = 0, as our reduced equation. Its trajectories also blow up and the wave front velocity can be straightforwardly calculated as
where a description in terms of standard normal forms as (19) and scaling is rather hopeless. Not surprisingly, the suspicious scaling (23) is hard to check numerically (the stable branch of moving wave fronts ends at F = F cd < F c ), whereas the scaling (22) can be easily checked (F cd ≈ F c in the overdamped limit) [11] .
Let us now come back to Eq. (17) to explain the coexistence of moving and stationary wave fronts for F cd < F < F c . In Fig. 18 , we have depicted the phase plane associated to Eq. (17) for the cubic non- yields an approximation to the dynamical Peierls stress, Fig. 19 compares F c2 to F cd , which has been calculated numerically by solving the complete system (2).
Notice that our approximation worsens as α decreases towards zero indicating break down of the one active point approximation. We shall explain below why this is so.
The dynamic critical Peierls stress can be intuitively explained as follows. The potential energy associated to has reached a neighborhood of the second spiral point, u −1 (t) takes its place and performes a similar motion.
The resulting trajectory is depicted in Fig. 20(b) . The solution of the complete system (2) is shown in Fig. 21 .
The wave front velocity is approximately given by the reciprocal of the time u 0 (t) takes to jump from z 1 (F/A) to z 3 (F/A). Notice that the oscillations about z 3 (F/A) persist a longer time as α decreases and may have finite amplitude. Then we cannot approximate sufficiently well u 1 (t) by the constant value U 3 (F/A) for small values of the friction and the one active point approximation breaks down. This explains the discrepancies in Fig. 19 for small α.
is larger for the FK than for the cubic nonlinearity, the approximation u 1 (t) ≈ U 3 (F/A) is better for the FK nonlinearity as shown in Fig. 19 .
IV. DISCUSSION
We have studied wave front solutions in chains of non- have also studied the cases of finite and infinite damping.
We have depicted the resulting wave front profiles for all damping values and found that they may have oscillatory tails. For zero damping, these tails oscillate with nondecaying amplitude as n → ∞, which means that a new definition of wave front is needed [23] . We have shown numerically that non-monotone wave fronts with oscillatory tails (wavy wave fronts) may be stable for certain intervals of applied stresses. We have found stable moving wave fronts for |F | > F cd > 0 (the dynamic Peierls stress), and these fronts coexist with stable static wave fronts for an interval F cd < |F | < F cs (F cs is the static Peierls stress; static wave fronts exist for 0 ≤ |F | < F cs ).
We have also conjectured that the global bifurcation diagram for wave front depinning in the presence of inertia and damping is generically as in Fig. 12(b) . Then there are infinitely many saddle-node bifurcations between wave front branches in the interval F cd < |F | < In the literature [19, 21] , wave fronts with monotone profiles have been constructed for undamped models. For example, Schmidt [19] showed that w(x) = tanh x, x = n + t/2, is a wave front solution for Eq. (2) 
